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Introduction
Among the numerous techniques of non destructive evaluation (NDE), elastic guided waves are of particular interest to evaluate defects inside industrial and civil elongated structures due to their ability to propagate over long distances. Two categories of waveguides can be distinguished: closed waveguides (guides in vacuum) and open waveguides (embedded waveguides).
In closed waveguides, waves can propagate along the guide axis without attenuation. However in practice, guides are often embedded in large solid media that can be considered as unbounded. In this case, waveguides are called open because of the energy radiation into the surrounding medium. Three kinds of wave modes can occur in open waveguides: radiation modes, trapped modes and leaky ones. Their characteristics are briefly recalled in the following paragraphs. These modes are obtained by assuming a dependence of wave fields in e i(kz−ωt) , where k is the axial wavenumber, ω is the angular frequency and z is the coordinate along the waveguide axis. The following dispersion relations holds: Radiation modes are standing waves in the transverse directions and can be either oscillating or evanescent in the longitudinal direction, i.e. k l/s ∈ R and k is real or pure imaginary. They constitute a continuous spectrum [1, 2] , resulting from the unbounded nature of the problem. Resonating mainly in the surrounding medium, radiation modes are of little interest for the NDE of elongated structures.
Conversely, trapped modes are of particular interest. These modes exponentially decay in the transverse directions (k l/s ∈ iR) and propagate along the axis without attenuation (k ∈ R) in non-dissipative waveguides. Their methods, some modified formulations have been proposed. Hayashi et al. [28] have successfully transformed the non linear eigenproblem into a linear one for the special case of a surrounding fluid (scalar waves). Gravenkamp et al. [34] have proposed a simplified boundary condition, namely dashpot boundary condition, which amounts to neglect transverse wavenumbers in the exact radiation condition. This dashpot condition is usually no longer accurate for low frequency or for low contrast of acoustic impedance. Unlike the SAFE-BEM approach, both the SAFE-AL and SAFE-PML methods yield a linear eigenvalue problem. In this paper, the SAFE-PML technique is proposed as an alternative to SAFE-AL and SAFE-BEM methods to compute modes in three-dimensional elastic waveguides of arbitrary cross-section embedded in an unbounded solid matrix. Two kinds of PML, Cartesian and radial, are considered. This yields two formulations referred to as the SAFE-Cartesian PML (SAFE-CPML) method and the SAFE-radial PML (SAFE-RPML) method. It is pointed out that both kinds of PML have been analyzed mathematically for computing the acoustic resonances of open cavities [35, 36] , which constitutes a problem close to that of the present paper. Note also that the SAFE-CPML formulation of this paper is indeed similar to the 2.5D displacement-based PML formulation recently proposed in Ref. [37] (yet in this reference, the discretized problem was not considered as an eigenvalue problem, but rather inverted by considering a source term for fixed transverse wavenumbers). This paper focuses on the implementation and the validation of the SAFE-PML method. The comparative study between this technique and other techniques such as SAFE-AL or SAFE-BEM methods is out of scope of this paper and left for further studies.
The SAFE-CPML and SAFE-RPML formulations are presented in Secs. 2 and 3 respectively. In order to understand the various spectral objects obtained from these formulations and to clarify the effects of PML parameters, the eigenvalue spectrum is analyzed for each formulation based on analytical studies and numerical experiments. In Sec. 4, the computation of modal properties (group velocity, energy velocity and kinetic energy) is introduced and dispersion curves are computed for several test cases taken from the literature to validate both formulations.
SAFE -CPML method

Initial formulation of 3D elastodynamics
One considers a three-dimensional waveguideΩ =S ×] − ∞, +∞[. Linear elastic materials are assumed. The waveguide cross-sectionS lies in the (x,ỹ) plane. The tilde notation will be explained through the introduction of PML in Sec. 2.2. The time harmonic dependence is chosen as e −iωt . The study is focused on eigenmodes. Acoustic sources and external forces are then discarded.
The variational formulation of the elastodynamic problem for the displacement field u is given by T denotes the stress vector. The stress-strain relation is given byσ =Cǫ, whereC is the matrix of material properties.ρ is the material mass density. The superscript T denotes the matrix transpose. We assume thatC andρ depend only on the transverse coordinates (x,ỹ), which means that we consider translationally invariant waveguides along the z axis. Moreover we assume that the medium is homogeneous outside a bounded region which represents the core of the waveguide. Separating transverse from axial derivatives, the strain-displacement relation can be written as follows:
where
LS and L z ∂/∂z are the operators of derivatives with respect to the transverse directions (x,ỹ) and the axis z respectively.
Combining SAFE and Cartesian PML techniques
The SAFE method consists in assuming a harmonic axial dependence of fields and applying the FE method to the transverse directions. The problem is then reduced from three dimensions to the two dimensions of the waveguide cross-section. The SAFE method has been widely used for modeling closed waveguides (guides in vacuum), for which the cross-section is bounded (see for instance [20, 21, 22, 23] ).
The modeling of open waveguides requires to combine the SAFE method with another technique due to the unbounded nature of the section. We assume that outside a possibly inhomogeneous region representing the core of the waveguide, the medium is homogeneous. The basic idea consists in closing the waveguide section by replacing the unbounded homogeneous region with a PML of finite thickness. As shown in Fig. 1 , a PML is introduced along the Cartesian transverse coordinates in order to attenuate waves in the surrounding medium. By truncating the cross-section to a sufficiently large distance, the problem becomes closed and the SAFE method can be applied. In this case,S denotes the truncated section including the PML.
The basic principle of PML can be readily understood in a one-dimensional situation. Consider for instance the case of a longitudinal wave traveling in the positivex direction. Such a wave can be expressed as an exponential function exp(ik lx ), which extends to an entire function for complex values ofx. Hence, instead of considering realx, one can choose a particular pathx(x) in the complex plane parametrized by a real variable x such that exp(ik lx (x)) decays exponentially as x tends to +∞. The same considerations apply in theỹ direction or for a shear wave. The Cartesian PML method consists in extending the initial equilibrium equations to complex coordinatesx andỹ, properly parametrized to attenuate waves (the PML parametrization will be discussed in Sec. 2.4). Here we definex
where γ x (x), γ y (y) are complex functions satisfying Since waves are attenuated, the PML can be truncated at a finite distance. We denote by h x and h y the PML thicknesses in the x and y directions respectively (see Fig. 1c ). Thus, in the (x, y) plane, the truncated cross-section including the PML is the rectangle of half-thicknesses d x + h x and d y + h y . On the exterior boundary of the PML, the boundary condition can be arbitrarily chosen (usually of Dirichlet type).
From Eq. (4), the change of variablesx → x,ỹ → y yields for any functionf :
Applying this change of variable to Eq. (2) leaves the operator L z unchanged while the operator LS has to be replaced with
Now applying the SAFE method, the displacement u and the virtual displacement δu are expressed on one element e as follows:
where k is the axial wavenumber, U e is the displacement vector and N e is the matrix of interpolating functions on the element e.
Replacing the axial derivative ∂/∂z of the trial and test functions with products by +ik and −ik respectively, the formulation (1) is reduced from three dimensions (x, y, z) to a bidimensional problem written in the transverse directions (x, y). The strain-displacement relation becomes
The FE discretization of the truncated cross-section finally yields
with the elementary matrices:
eT N e γ x γ y dxdy.
Note that the SAFE-CPML matrices are complex due to the functions γ x and γ y in the integrands.
Linear eigenvalue problem
Given the frequency ω, the formulation (9) is quadratic with respect to k, which can be linearized as [33, 38] (
with
The symmetry of K 1 , K 3 and M implies that if k is an eigenvalue of (9), then −k is also an eigenvalue. Thus, the eigenspectrum includes two families of solutions, (k j , U + j ) and (−k j , U − j ), ( j = 1, . . . , n) representing n positive-going and n negative-going waves.
In the presence of PML, K 1 , K 2 , K 3 and M are complex. A and B are not Hermitian, which somewhat complicates the numerical treatment of the eigensystem (10) . As outlined in Ref. [35, 30] , the non-hermitian character of matrices may yield spurious eigenvalues which are associated with large values of the norm of resolvent. This problem can be reduced by setting the PML not too far from the core.
In this paper, the ARPACK library [39] is used for solving the eigensystem (10). This library is based on the implicitly restarted Arnoldi method. For each frequency, a specified number of eigenvalues is looked for around a user-defined shift. 5
PML absorbing functions
In each direction x and y, the PML depends on three user-defined parameters: the position of the interface (d x , d y ), the thickness (h x , h y ) and the absorbing function (γ x ,γ y ). For a given interface position and PML thickness, the optimal choice of absorbing functions is crucial for maximizing the attenuation of waves with minimal reflections.
In scattering problems (source problems), the PML function is usually frequency dependent [40, 41] and chosen as: γ x (x) = 1 + iσ x (x)/ω where σ x (x) is a continuous function, parabolic inside the PML region (a similar expression holds for γ y (y)). In modal problems, the proper choice of PML functions is slightly different.
As mentioned in the preceding section, if we consider a longitudinal or shear wave exp(ik l/sx ) for realx (where k l and k s denote the transverse longitudinal and shear wavenumbers), the effect of an infinite PML in the positive x direction is to transform this function into an exponentially decaying function exp(ik l/sx (x)) as x tends to +∞. From (4), it is easily seen that the total attenuation across a layer of finite thickness h x is given by
whereγ x denotes the average values of γ x in the layer :
One recalls that leaky modes decay along the axial direction z (Im k > 0) but grow in the transverse direction, i.e. Im k l/s < 0 or equivalently arg k l/s < 0. From Eq. (12), leaky waves can be attenuated by the PML ifγ x is such that arg k l/s > − argγ x (in this paper, arg denotes the principal argument and lies in the interval ] − π, +π]). Hence, increasing argγ x will enlarge the region of the complex plane where leaky modes can be computed. Increasing |γ x |h x will increase the PML absorption.
For trapped modes, waves propagate without axial attenuation (Imk = 0) and exponentially decay in the transverse direction so that: Rek l/s = 0 and Imk l/s > 0, or equivalently arg k l/s = π/2. In the presence of PML, trapped waves will thus remain decaying if argγ x < π/2. The PML will be able to enhance the natural decay of trapped modes if Im(k l/sγx ) > Im k l/s , or equivalently Reγ x > 1.
Note that |γ x | cannot be too high in practice for a given h x , otherwise waves will attenuate too fast to be well approximated by the FE discretization. This phenomenon is well-known in the PML literature [40] .
For a PML introduced in the y-direction, the above considerations also holds withγ y defined bŷ
For open waveguide modal problems, the PML functions have been usually set to a constant complex value [30, 42, 43, 44] , yielding a discontinuity at the PML interface. However a smooth profile can improve the accuracy of modes, as recently shown in Refs. [32, 33] . In this paper, a parabolic function is set for both the real and the imaginary parts of γ x and γ y :
γ x andγ y quantify the PML absorption. Note that the PML functions γ x and γ y are independent of ω, which avoids the calculation of SAFE-CPML matrices at each frequency.
Eigenspectrum
The goal of this subsection is to get a better understanding of the influence of each PML parameter upon each type of modes. First, the analytical solution of a homogeneous medium is derived and compared with numerical results obtained with the SAFE-CPML method. Second, a more complex case corresponding to a steel cylinder buried in a solid medium is considered. Numerical experiments are performed to understand how the Cartesian PML acts on the eigenspectrum. 6
Homogeneous medium
An isotropic elastic homogeneous medium in three dimensions can be viewed as an open homogeneous waveguide of unbounded section in the (x, y) plane (z being the axial direction). Introducing a PML of finite thickness in both directions x and y, the problem becomes closed. A boundary condition, defined later, must be applied at the PML ends. Let us denote ℓ x and ℓ y the half thicknesses of the whole cross-section (
.l x andl y are the complex half thicknesses, defined as follows:
Analytical solution. Applying the Helmholtz decomposition [45] , the displacement vectorũ is written asũ = ∇φ +∇ ∧ψ (with∇ ·ψ = 0), whereφ andψ = [ψ xψyψz ] T are scalar and vector potentials corresponding to longitudinal (l) and shear (s) waves respectively. The equilibrium equations of elastodynamics yield the uncoupled differential equations for potentials:
where λ = −k 2 . c l and c s are the bulk velocities of longitudinal and shear waves respectively. Free or Dirichlet boundary conditions couple the potentialsφ andψ so that fully analytical solutions are not achievable. Instead, the following mixed boundary conditions are considered:
It can be shown that such boundary conditions yield uncoupled boundary conditions forφ andψ:
By separating the variablesx andỹ, the eigenvalues of the problem (17) and (19) are given by
where m, n, p, q are integers. These apparently formal calculations can be easily justified following the same ideas as in [33] . From Eq. (20), it can be seen that two spectra occur instead of one with scalar waveguides [30, 43] . These two spectra correspond to compressional and shear waves respectively.
Without PML, the eigenvalues are real (l x = ℓ x ,l y = ℓ y ). In the initial unbounded problem, ℓ x and ℓ y tend to infinity: the spectra in terms of λ = −k 2 tend to two real continuous half-
[. These continua of eigenmodes are the so-called radiation modes, which are standing waves oscillating in the transverse directions. As simply shown by Eq. (20), each continuum is discretized by the truncation of crosssection at some finite distance.
With PML, the eigenvalues λ are no longer real. The associated modes are still referred to as radiation modes since they are oscillating inside the PML. In the complex λ-plane, the eigenvalues of Eq. (20) 
Each sector reduces to half-lines if argl x = argl y . When |l x | and |l y | increase, each spectrum of radiation modes gets denser and becomes continuous when |l x | and |l y | tend to ∞. 
This shows that each angle does not depend on the PML function profile itself (only its average value has an effect). It is noteworthy that the result given by Eq. (22) agrees with that obtained in Ref. [46] from a mathematical study of the scalar acoustic PML problem.
Numerical example. A concrete medium is considered. The material characteristics are given in Tab • respectively, in agreement with Eq. (22) . As can be seen from Figs. 2b and 2d, the angular sectors are reduced to half-lines when PML parameters are identical in both directions.
Numerical eigenvalues computed by the SAFE-CPML method are also shown in Fig. 2 (crosses) . The finite elements are six-node triangles, whose average length is denoted by l e . The PML functions γ x and γ y are parabolic, as defined by Eq. (15) .
Numerical results are in agreement with the analytical ones, except for poles that are far from the real axis. Such poles indeed correspond to higher order modes (higher values of p, q, m, n in Eq. (20)), which have high transverse wavenumbers, i.e. small transverse wavelengths. As in conventional eigenvalue FE problems, these modes are not well approximation due to the FE discretization. Refining the mesh allows to improve numerical results, as confirmed by Figs. 2c and 2d.
Embedded cylindrical elastic waveguides
In this subsection, numerical experiments are conducted on a cylindrical waveguide embedded into a softer solid matrix (the bulk velocities of the core are greater than in the surrounding medium). The test case is taken from the paper of Castaings et al. [24] . It consists of a steel cylinder of 10 mm radius buried in concrete. The material characteristics are given in Tab. 1. The steel is considered as elastic in this test (β l = β s = 0, where β l and β s denote the longitudinal and shear bulk wave attenuations in Neper per wavelength).
Contrary to the previous subsection, the eigenspectrum now includes leaky modes in addition to radiation modes (note that no trapped modes occur in this test case).
Numerical parameters. The radius of the circular core section is denoted by a. A Dirichlet condition is applied at the exterior boundary of the truncated section. As shown in Fig. 3 , finite elements are six-node triangles. PML functions are parabolic. The PML parameters in the x and y directions are identical:
The PML thicknesses are equal to 0.9a. Figure 4 represents the dimensionless numerical spectrum λa 2 for various PML parameters at the dimensionless frequency Ω = ωa/c s 0 = 3.86 (where c s 0 is the shear wave velocity of the core). Two kinds of modes can be distinguished. 
Numerical eigenspectrum.
The first kind corresponds to radiation modes, yielding two spectra of origins (−ω 2 /c 2 l , 0) and (−ω 2 /c 2 s , 0), where c l and c s denote the bulk longitudinal and shear wave velocities of the embedding medium (concrete). Similarly to Sec. 2.5.1, these spectra correspond to the discretized continua of longitudinal and shear waves. Modes near the origins approximately form straight lines rotated from the real axis with angles equal to 107
• in Fig. 4a and 61 • in Fig. 4b . These angles are in agreement with the analytical formula given by Eq. (22) . Far from their origins, radiation modes deviate from straight lines. Such modes are high order modes which the FE mesh can no longer approximate. This is confirmed by Fig. 4d , obtained with a refined mesh (the deviation occurs at a greater distance from the origins).
The rotation of radiation modes indeed allows to discover a second kind of modes, hidden in the original problem without PML. These modes are leaky modes. As observed in Fig. 4 , the number of discovered leaky modes grows as the rotation angle is increased: compared to Fig. 4a (γ x =γ y = 2 + 4i), two leaky modes are not present in Fig. 4b (γ x =γ y = 4 + 4i). As expected from Sec. 2.4, more leaky modes can be found by increasing the argument ofγ x andγ y .
The rotation angles can also be modified by adjusting the PML interface position d x and d y . Comparing  Fig. 4c with 4a shows that high values of d x and d y reduce the rotation angles, in agreement with Eq. (22) . In Fig. 4c , note that two leaky modes are spoiled by the deviation of high order radiation modes.
In practice for computing leaky modes, the PML interface should be set close to the core as suggested in Refs. [33, 30, 35] . From a physical point of view, a PML interface too far from the core allows leaky modes to significantly grow before entering the PML, which can deteriorate their computation. This has been mathematically justified by the increase of the norm of the resolvent of the eigenproblem [30, 35] .
The spectra of radiation modes can be densified by choosing higher values of PML parameters ( 
SAFE -RPML method
In this section, the SAFE-RPML formulation is introduced. Following the same approach as in Sec. 2, the associated eigenspectrum is briefly studied through analytical and numerical experiments.
Combining SAFE and radial PML techniques
The formulation (1) is rewritten in cylindrical coordinates as follows:
wherex =r cos θ,ỹ =r sin θ. The tilde notation represents the introduction of a PML along the radial direction. Note that in the above formulation, vectors and tensors are written in cylindrical coordinates but still expressed in the Cartesian basis. In cylindrical coordinates, the operator LS of the strain-displacement relation (2) is
Applying the PML technique in the radial direction, the formulation (23) can be interpreted as the analytical continuation of the equilibrium equations into the complex radial coordinater, with
where γ(r) is a complex function satisfying d is the position of the PML interface. As shown in Fig. 5 , the cross-section of a SAFE-RPML problem is typically a circle of radius d + h, h denoting the PML thickness. Similarly to Cartesian PML, the boundary condition applied at the PML exterior boundary can be arbitrarily chosen. From Eq. (25), the change of variabler → r yields for any functionf :
wheref (r, θ, z) = f (r, θ, z). Applying this change of variable and the SAFE method to Eqs. (24) leads to an expression identical to Eq. (8), with
Before FE discretization, the formulation must be transformed back to Cartesian coordinates. The operator L S then becomes
Finally, the FE discretization of the formulation along the cross-section yields the same form of eigenproblem as Eq. (9), but with the following elementary matrices:
PML absorbing function
As suggested for Cartesian PML, a parabolic profile independent of frequency is chosen for the radial PML function γ, expressed as follows:
whereγ is the average value of γ in the radial PML region:
For radial PML, the influence ofγ on wave absorption can be illustrated by considering wave solutions in cylindrical coordinates. In the PML region (r > d), the wave fields can be expressed by a combination of Hankelfunctions. Assuming negligible refection from the PML exterior boundary (r = ℓ r = d + h), the radial dependence of wave fields is written as H (1) n (k l/sr ), where H (1) n is the Hankel function of first kind and k l/s denotes the radial wavenumber (shear or longitudinal).
Let us denote the complex radiusl r byl
For simplicity, we assume that the radial wavelength is small enough compared to d and |l r | (i.e. |k l/s d| ≫ 1 and |k l/slr | ≫ 1). Then, the wave solutions at the PML interface and at the PML end, written in terms of H respectively. Therefore, the total attenuation from the interface to the PML end can then be approximated by
Concerning the numerator (exponential term), it can be noticed that the radial wavenumber k l/s plays the same role as in Eq. (12) . Therefore, the influence ofγ is similar to the effect ofγ x andγ y with the Cartesian PML method, already described in Sec. 2.4. The slight difference with radial PML is that this exponential term is modulated by an attenuation factor given by 1/ |1 +γh/d|. Without PML (γ = 1), this attenuation factor corresponds to the geometrical attenuation of cylindrical waves and is equal to 1/ √ 1 + h/d. A radial PML enhances this attenuation factor as |γ| increases.
Eigenspectrum (homogeneous medium)
The SAFE-RPML eigenspectrum is now briefly analyzed in order to understand how a radial PML acts on the eigenspectrum. The analytical solution of a homogeneous medium is derived. Compared to Cartesian coordinates, it is difficult with cylindrical coordinates to find appropriate boundary conditions leading to fully analytical solutions of the elastic problem. Therefore, the analytical solution of this section is obtained for the scalar wave equation of acoustics. The elastic problem will be handled through numerical experiments. For conciseness, this section is limited to the case of a homogeneous medium. The reader is referred to Appendix A for the analysis of a cylindrical core waveguide embedded into an infinite medium, where similarly to the homogeneous case, the analytical solution for an acoustic waveguide is first studied and numerical experiments in the elastic case are then performed.
A homogeneous medium can be considered as an open homogeneous waveguide of unbounded cross-section. Introducing a radial PML of finite thickness h and of position d, the cross-section becomes bounded and of radius ℓ r = d + h.
Analytical solution for a scalar problem. The acoustic wave equation written in cylindrical coordinates is
whereφ denotes the acoustic variable, n is the circumferential order and c is the acoustic wave velocity. The solution of Eq. (33) isφ(r) = AJ n (k rr ) + BY n (k rr ), where k r is the radial wavenumber satisfying the relation k 2 r + k 2 = ω 2 /c 2 . J n and Y n are Bessel functions of the first kind and of the second kind respectively. Since Y n (k rr ) tends to infinity when |r| tends to 0, B must vanish. A Dirichlet conditionφ(l r ) = 0 is applied at the PML exterior boundary, yielding the characteristic equation: J n (k rlr ) = 0. The eigenvalues are hence (34) where χ nm denotes the mth zero of J n (x). Without PML (l r = ℓ r ), the eigenvalues are real. In the initial problem of infinite section, R tends to infinity and the λ spectrum becomes a real continuous half-line [−ω 2 /c 2 , +∞[. This continuum can be referred to as the essential spectrum of radiation modes [30, 35] .
With a radial PML, the eigenvalues λ of radiation modes become complex. In the complex plane, they belong to a discretized half-line of rotation angle
This coincides with the result obtained in Ref. [35] for the computation of acoustic resonances with a radial PML method. Similarly to the Cartesian PML (see Sec. 2.5.1), the discretized half-line gets denser when |l r | increases and the rotation angle is independent of the radial PML function profile.
Numerical solution for an elastic problem. The radiation modes of a homogeneous elastic problem are now computed by the SAFE-RPML method. A concrete medium is considered. Finite elements are six-node triangles, whose average length l e is chosen as 0.1d. The PML function γ is parabolic, as defined by Eq. (29) . The PML thickness is set to h = 3d. The radius of the whole cross-section is ℓ r = 4d. Figure 6 shows the spectrum at the dimensionless frequency Ω = ωd/c s = 1 withγ = 2 + 4i. Instead of one half-line with the scalar problem, the eigenvalues belong to two discretized half-lines starting from −ω 2 /c 2 l and −ω 2 /c 2 s . As already found in Sec. 2.5.1, these two spectra of radiation modes correspond to longitudinal and shear waves respectively (their deviation from straight lines being due to the poor FE approximation of higher order modes).
The half-lines are rotated from the real axis with equal rotation angles, approximately equal to 118
• . This angle is in agreement with the acoustic formula (35).
Dispersion curves
In this section, the dispersion curves of leaky and trapped modes are computed by both the SAFE-CPML and the SAFE-RPML methods for three test cases taken from the literature. The calculation of modal properties in open waveguides is presented first (kinetic energy, energy velocity and group velocity).
Kinetic energy
By analytical continuation into complex coordinates, the cross-section and time averaged kinetic energy can be defined as E k = 1 2 Sρṽ ·ṽdS , whereṽ = dũ/dt is the velocity vector and bars denote time averaging over one period. As already mentioned in Sec. 2.2,S denotes the waveguide cross-section including the truncated PML.
This definition is rewritten by using the change of variables from complex to real coordinates, as
where dS = γ x γ y dxdy for the SAFE-CPML method and dS =rγ/rdxdy for the SAFE-RPML method. 
This result is the same as for closed waveguides (without PML) [21, 47] . In the presence of PML, the slight difference is that M is no longer real and the kinetic energy becomes complex.
Energy velocity
For closed waveguides, the energy velocity is defined as follows [45] :
where P is the complex Poynting vector given by
E p denotes the cross-section and time averaged potential energy, given by E p = 1 2 S ǫ * σdS . n is the unit vector normal to the cross section (in the z direction). The potential energy E p and the complex power flow S P·ndS can be post-processed from SAFE matrices thanks to the following formula [47] , here modified for complex wavenumbers:
For open waveguides, the definition of v e is similar to Eq. (38) . However the integrals on the cross-section are usually restricted to the core region [48, 49] , which avoids the transverse growth of leaky modes at infinity. Hence, Eqs. (38) and (39) still apply for open waveguides but S must be replaced with S 0 , which denotes the cross-section of the core.
Group velocity
The group velocity is usually defined by v g = ∂ω/∂k. The calculation of v g can be achieved from the derivative of the SAFE eigensystem with respect to k, as done in Refs. [21, 50] . However, the definition v g = ∂ω/∂k only applies when the axial wavenumber k is real. In open waveguides, the axial wavenumber of leaky modes is complex. The proper definition of group velocity for damped modes is [48, 51] 
Let (k j , U + j ) denote an eigensolution of Eq. (9):
Taking the derivative of Eq. (41) with respect to ω yields
As mentioned in Sec. 2.
is also a solution of Eq. (9). Left-multiplying Eq. (42) by the transpose of U − j allows the right-hand term to vanish, which leads to the group velocity of the j th mode:
The calculation of v g for a given mode hence requires its opposite-going counterpart.
As opposed to the energy velocity, it should be noticed that the group velocity may generally be not appropriate for attenuated waves [48] (including leaky waves). Yet, the group velocity still applies for trapped modes, which are non-attenuated (in non-dissipative media). 15
Modal filtering
According to Secs. 2.5, 3.3 and Appendix A, the SAFE-PML methods provide many radiation modes in addition to the modes of interest (leaky or trapped). Since radiation modes mainly oscillate inside the PML, they are dependent on the choice of PML parameters and cannot be considered as intrinsic to the physics. A large number of radiation modes perturbs the visualization of dispersion curves of trapped and leaky modes. A modal filtering must be processed to identify and remove these radiation modes. The filtering criterion proposed in this paper is based on the ratio of kinetic energy in the PML region over the kinetic energy of the whole cross-section. Physical modes are then identified if this criterion is smaller than a user-defined value η max :
where E k PML is defined from Eq. (36) by replacing S with S PML , which denotes the cross-section restricted to the PML region. Note that the modulus must be used in Eq. (44) since the kinetic energy is complex in the presence of PML. Note that η max is independent of frequency in this paper. For a given FE mesh, the appropriate value of η max essentially depends on the PML parameters, which have been assumed as constant with frequency (see Secs. 2.4 and 3.2).
Results
Three examples of open waveguides are considered. The first one has already been described in Secs. 2.5.2 and Appendix A (steel cylinder in concrete). The second test case is taken from the work of Pavlakovic [19] and is a 1mm radius steel cylinder in stiff stone. This case is of interest due to the existence of one trapped mode. The third example, taken from Ref. [26] , is a steel square bar buried in a viscoelastic grout, for which no analytical solution is available. Material characteristics are given in Tab. 1. The steel is considered as elastic for the first two examples (β l = β s = 0) and as viscoelastic in the last one (β l = 0.003, β s = 0.043).
The PML position and thickness are set to h x = h y = h = 0.9a and
, where a denotes the radius of the cylindrical core for the first two test cases and the half-thickness of the squared core for the third case. Note that with the SAFE-RPML formulation, the PML could be set to d = a when the core is cylindrical. A Dirichlet condition is applied at the PML exterior boundaries (numerical tests have shown that other boundary conditions yield small differences on trapped and leaky modes). The finite elements are six-node triangles whose length satisfies the following meshing criterion: l e ≤ λ m /5, where λ m = min(c s )/ max( f ) (min(c s ) is the lowest shear velocity of the problem). The SAFE-PML dispersion curves are shown after modal filtering, the parameter η max being specified for each example.
Let us consider the first test case. The FE meshes are shown in Figs. 3 and 7 . According to the eigenspectrum analyses in Secs. 2.5.2 and Appendix A, the eigenvalues of leaky modes are located around |ω/c l | in the complex plane. The computation has been centered around +ω/c l in order to reduce the number of eigenvalues to solve. In this way, only positive-going modes are calculated. 300 modes have been computed at each frequency with the SAFE-CPML method, against 150 modes with the SAFE-RPML method. Actually, the SAFE-RPML method appears more advantageous from a computational point of view for this example because the core is of circular shape: the PML region can be smaller, which also decreases the number of radiation modes to solve. Besides, 5139 dofs (degrees of freedom) are generated with the SAFE-CPML method against 3975 dofs with the SAFE-RPML method.
In order to illustrate the efficiency of the filtering criterion proposed in Sec. 4.4, Fig. 8 shows the phase velocity dispersion curves obtained by both SAFE-PML methods without modal filtering. Clearly, the presence of many radiation modes in the dispersion curves prevents the identification of leaky modes. Figure 9 represents the kinetic energy ratio of modes obtained by the SAFE-RPML method at 200 kHz. It can be observed that radiation modes yields a ratio approximatively equal to 1 because they mainly oscillate in the PML region, as opposed to leaky modes. Figure 9 shows that the energy kinetic ratio allows to well distinguish the radiation modes from the others and that an appropriate value of the threshold η max is rather easy to choose (here, a threshold value of 0.75 turns out to be satisfying). Figure 10 represents the dispersion curves with modal filtering. The curves of leaky modes are now clearly observed (compare Figs. 10a and 8) . We point out that other energy ratio, based on Poynting vector or potential 16 
energy, have been experimented. However, our numerical tests have not shown any improvement in the filtering of radiation modes (results not shown for paper conciseness). Therefore, the kinetic energy based ratio is preferred owing to its simpler post-processing. The axial attenuation expressed in dB/m (Fig. 10b) is defined by α = 8.686 Imk. Note that for calculating the group velocity (Fig. 10d) , it was also necessary to compute the negative-going modes by searching eigenvalues around −ω/c l .
The dispersion curves obtained with the SAFE-CPML and the SAFE-RPML methods are superimposed, which tends to show that both methods yield the same order of accuracy. The curves shown in Fig. 10a , b and c are in good agreement with the results obtained by the SAFE-AL technique [24] or the SAFE-BEM method [26] . This validates the SAFE-PML approaches proposed in this paper. Note that the AL thickness used in Ref. [24] is 16 times larger than the core radius, so approximately 16 times larger than the PML used in this paper, yielding dispersion curves that are not so accurate as those obtained by the PML method.
It can be observed that the group velocity curves differ quite significantly from the energy velocity (compare Fig. 10c and d) . One recalls that Bernard et al. [48] have shown that this difference disappears for modes with no attenuation but always exists for attenuated modes (such as leaky modes). Figure 11 shows the axial displacement field of a given mode, here the leaky compressional L(0,1) mode, obtained with each method at 103.8 kHz. In the PML region, it can be observed that the CPML absorption strength is non-axially symmetric, as opposed to the RPML method. However, the modeshapes are found to be identical in the physical region (i.e. excluding the PML zone). From a physical point of view, it can be noticed that the L(0,1) and F(2,1) curves are discontinuous around 163 kHz and 135 kHz respectively. These discontinuities are physical and occur when the phase velocity v p crosses the bulk wave velocities c l or c s of the surrounding medium (concrete) -see Fig. 10a for instance. For a given mode, the partial longitudinal (or shear) wave actually changes from leaky to trapped when v p becomes lower than c l (or c s ) [19] .
In practice, the calculation of modes having a phase velocity at the vicinity of c l and c s can be difficult due to the undefined nature of partial waves (Fig. 10) [19, 24, 26] . This problem is also encountered with SAFE-PML methods because the transverse wavenumbers become small when v p is close to c l or c s . According to Eqs. (12) and (32), large values of PML thickness or PML function would be required to sufficiently attenuate waves.
The same problem is also encountered for the computation of modes at low frequencies. For instance, in Fig. 10 , leaky modes are still found to exist for phase velocities of a given mode smaller than the bulk shear velocity of the surrounding media, which does not seem physically correct. These low frequency modes are indeed not properly computed. Restricting the analysis to a low frequency range, one remedy would be to enhance the PML absorption strength by increasing the PML thickness or the average value of PML functions. Figure 12 represents the phase velocity and the attenuation for the second test case (steel-stiff stone waveguide). The FE meshes used with Cartesian and radial PML methods are the same as in the first test case. In this example, the F(1,1) mode is trapped (Imk = 0) while the other modes are leaky. In the initial problem without PML, trapped modes are located on the real axis of the complex plane. Their wavenumber in absolute value is larger than ω/c s [4, 52] . Hence in this test case, the computation has been centered around ω/c s instead of ω/c l . For each frequency, 265 and 180 modes have been solved for the SAFE-CPML and the SAFE-RPML methods respectively.
Since both trapped and leaky modes exist, the real and imaginary parts ofγ x ,γ y andγ have been set to a sufficiently large value (γ x =γ y =γ = 4 + 4i) in order to attenuate both kinds of modes. Results are in agreement with those of Ref. [19] calculated by an analytical approach. In particular, the trapped mode is well approximated by SAFE-PML methods (except for lowest frequencies, for the same reason as mentioned in the previous test case).
For the third test case (viscoelastic steel-grout squared waveguide), the SAFE-CPML method has been preferred because the cross-section of the core is of rectangular shape. The FE mesh is shown in Fig. 13 , generating 5127 dofs. 600 modes have been solved, centered round ω/c l . Figure 14 shows the dispersion curves in phase velocity and attenuation. The modes have been labeled as in Ref. [26] . Here again, numerical results are in good agreement with literature results, obtained in Ref. [26] with a SAFE-BEM technique. Note that a poor approximation of lowest frequency modes possibly occurs for the same reasons as in the previous test case. 
Conclusion
In this work, SAFE-PML methods have been applied to compute the eigenmodes of three-dimensional open elastic waveguides. Two kinds of PML, Cartesian and radial, have been implemented.
The spectral objects obtained from the proposed numerical approach have been clarified and the effects of PML parameters on radiation and leaky modes have been highlighted through analytical solutions and numerical experiments. The radiation modes of open elastic waveguides are shown to belong to two continua corresponding to longitudinal and shear waves respectively. The PML rotates these continua in the complex plane. The truncation of the PML discretizes them, with a densification by increasing the so-called complex thickness (or radius). The rotation angle of radiation modes are shown to be independent of PML function profiles and must be large enough to discover the leaky modes of interest.
For three test cases taken from the literature, the dispersion curves computed by both SAFE-CPML and SAFE-RPML methods provide satisfying results, for leaky modes as well as trapped modes. A modal filtering criterion has been proposed. This criterion is based on the ratio of kinetic energy in the PML region over the whole section and allows to efficiently remove the radiation modes in the visualization of dispersion curves. As far as the computational time is concerned, the SAFE-RPML appears to be more suitable for modeling open waveguides of circular cross-section. Conversely, the Cartesian PML should be preferred when the cross-section of the core is rectangular.
The main drawback of the approach is the presence of many radiation modes, which significantly increases the computational time. These modes are not intrinsic to the physics (since they depend on PML parameters) and are not of interest for NDE. Another drawback is the appropriate choice of PML parameters. Such a drawback is inherent to any problem involving PML and is also encountered with the AL technique. When the reference results are not known a priori, a convergence study is necessary. For instance for a given profile of PML function, the convergence of numerical results can be investigated by refining the finite element size and increasing the PML thickness. Note that the appropriate PML interface position is rather straightforward to choose as the PML should be set as close as possible to the core in order to limit the transverse growth of leaky waves.
Appendix A. Eigenspectrum of embedded cylindrical waveguides with radial PML
Analytical solution of scalar problem. In this analytical study, one considers a cylindrical acoustic waveguide of radius a embedded into an infinite medium. A radial PML of finite thickness h is introduced at the position d ≥ a. The total radius of cross-section including PML is ℓ r = d + h.
The system of equations in radial complex coordinates is given by two Helmholtz equations (one for each medium). Continuity conditions are applied at the interface r = a between both media and a Dirichlet condition is applied at the PML exterior boundary:
φ 0 andφ denote the acoustic variables in the core and in the surrounding medium respectively. ρ 0 and ρ are the mass densities of the core and of the exterior medium. We assume that the core and the surrounding medium are homogeneous: fluid properties are constant (the tilde has been dropped for conciseness). It can be readily shown that the dispersion relation associated to this problem is
where k r 0 = ω 2 /c 2 0 − k 2 and k r = ω 2 /c 2 − k 2 are the transverse wavenumbers in each medium (c 0 and c denote the velocities of the core and of the exterior medium respectively).
The above equation cannot be solved analytically. Concerning radiation modes, further insight can be gained from an asymptotic point of view. Assuming a large complex radius (|l r /a| ≫ 1), the transverse wavelength of low order radiation modes can be considered as sufficiently large to neglect the influence of the core: such modes which is a half-line of origin −ω 2 /c 2 rotated by −2 argl r in the complex plane. Conversely, it can be shown that for a given n, the eigenvalues λ of high order radiation modes (low transverse wavelength) tend toward a second asymptote (∆ 2 ) defined by yielding a half-line of origin −ω 2 /c 2 rotated by −2 arg(l r − a). Details are not shown for paper conciseness. Similar asymptotic developments can be found in Ref. [30] . Tab. 1). The circumferential order n varies from 0 to 10. As expected, the eigenspectrum contains both leaky modes and radiation modes. It can be observed that the radiation modes appear to be included inside a sector delimited by (∆ 1 ) and (∆ 2 ). More precisely, radiation modes are found to be located on one branch asymptotic to (∆ 1 ) and sub-branches. In each sub-branch, the radiation modes get closer to (∆ 1 ) as the circumferential order n increases.
Note that the rotation angles of (∆ 1 ) and (∆ 2 ) are also independent of the PML function profile γ because one has −2 argl r = −2 arg(d +γh), − 2 arg(l r − a) = −2 arg(d +γh − a). (A.5)
Compared to Fig. A.15a , the angular sector of radiation modes is reduced in Fig. A.15b . This is due to the fact that increasing Reγ increases Rel r , which reduces the difference between the rotation angles of (∆ 1 ) and (∆ 2 ) (this can be readily shown from Eq. (A.5)). Given that leaky modes are discovered in the region where arg λ < −2 argl r , more leaky modes are found in Fig. A.15a than in Fig. A.15b thanks to a greater rotation angle of (∆ 1 ).
Without core (a = 0), note that Eqs. (A.3) and (A.4) yields equal rotation angles for (∆ 1 ) and (∆ 2 ): the radiation modes sector is reduced to one discretized half-line rotated by −2 argl r , which coincides with the result of Sec. 3.3. Numerical experiments on an elastic waveguide. The same test case as in Sec. 2.5.2 is considered (elastic steelconcrete waveguide). Figure 7 shows the example of a cross-section mesh used with the SAFE-RPML method (l e = 0.2a). Note that the effects of radial PML interface position and mesh size on eigenspectrum are identical to Cartesian PML (see Sec. 2.5.2). Therefore this subsection focuses on the effects ofγ specific to the SAFE-RPML method.
Figure A.16 represents the eigenspectrum computed by the SAFE-RPML method at the dimensionless frequency Ω = 3.86. As suggested for Cartesian PML, the radial PML interface is set close to the core (d = 1.1a). The average length of finite elements is l e = 0.1a.
As shown for the scalar problem in the previous subsection, it can be noticed that the radiation elastic modes are included in sectors. Instead of one, the elastic problem yields two sectors, associated with longitudinal and shear waves respectively. Each sector is limited by two half-lines, denoted as (∆ Concerning leaky modes, only those of arguments lower than the angle of (∆ l/s 1 ) can be discovered (i.e. arg λ < −2 argl r ), which explains why less leaky modes are found in Fig. A.16b than in Fig. A.16a .
To conclude this section, it is worth noting that the leaky modes shown in Fig. A. 16 are in agreement with those of Fig. 4 , obtained the SAFE-RPML method.
